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We shall prove that a bond lattice .Y(G) of a graph G is Boolean if and only if G is a forest, and 
that a bond lattice .~(G) is modular if and only if G has no cycle of length n > 3. 
In this paper, we consider finite undirected simple graphs. For a graph G, 
V(G) and E(G) denote the set of vertices and the set of edges of G, respectively. 
For an edge-subset Sc=E(G), (S)E denotes the subgraph generated by S. For 
u, v e V(G),  P[u;  v] denotes a path of G from u to v. A cycle is meant to be not 
selfintersecting. For a set A, ~(A)  denotes the power set of A. 
The bond closure on a graph G = (V, E )  is a closure relation on the set E(G) 
edges defined as follows. For any subset S c__ E(G), the closure of S, denoted by S, is 
the set of all edges both of whose end-vertices are contained in the same block of 
(S)E. That is, for a given graph G = (V, E )  and S~ E(G) ,  an edge xy e E(G) 
belongs to S if and only if there is a path in (S)E from x to y. A subset S of E(G) 
is said to be bond-closed if S = S. We will not distinguish a bond-closed subset S 
from the subgraph (S)E generated by S. For a graph (3, &e(G) denotes the family 
of all bond-closed subsets of E(G). We define two binary operations v and A on 
.Le(G) as follows: for any x and y in .o~(G) 
xvy=xUy and x^y=xNy.  
It is easy to check that these operations give a lattice structure (~(G) ,  v, A) to 
~((5).  The lattice (~L~(G), v ,  ^) is called a bond lattice of G. In Fig. 1 we illustrate 
the bond lattice of C3. 
The next lemma is an immediate consequence of the definitions. 
[emma 1. Let G be a graph. I[ a graph H is an induced subgraph of G, then the 
bond lattice .Sg(H) is a sublattice of the bond lattice .5~(G). 
We use Lemma 1 without mentioning in the proofs of the following theorems. 
The following lemmas are well known. 
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Lemma 2. A lattice is modular it' and only it' it has no sublatfice isomorphic :l, 
lattice M5 (see Fig. 2(a)). 
Lemm~ 3. A lattice is distributive if and only it' it has no sublatrice isomoq:,J~ 
the lattice Ms or Ds (see Fig. 2). 
qfllmorem 1. The bond lattice o[ a graph O is modular if and only i[ (3 has no 
o[ length n > 3. 
Proof .  Let  (e, . . . . .  e , ) ,  n>3,  be edges forming a cycle of 6;, e~ = ~% 
i = 1 . . . . .  n, where a,+~ = a l ,  and H = {e4 . . . . .  e,}. Cons ider  the bond-c losed  
A :={eL}, B:={et ,  e3}, C:={e2}UH. Then AvB=BvC,  since each of  A~, 
{el, ez, e4 . . . . .  e,3 and BvC={e~,e2 ,  e3 . . . .  ,e.,} is the induced graph 
B 
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{al . . . . .  a,}, and A A C = B A C = ¢. Thus the lattice generated by A, B and C is 
isomorphic to Ms. Therefore by Lemma 2 the bond lattice ~(G)  is not modular, 
if a graph G has a cycle of length n > 3. 
For the converse we assume that -~(G) is not modular. By Lemma 2 there exist 
bond-closed sets A, B, C such that A ~ B, A v C = B v C and A A C = B A C Let 
e be an edge in B \ A. If e c C then e e B A C = A A C, that is, e ~ A, a contradic- 
tion. Thus e ~ C. If e does not belong to any triangle, then from e ~ B v C = A v C 
and the fact that G has no cycle of length n > 3, it follows e ~ ALI  C contradicting 
eq~A and e~C. Hence e is on a triangle T. Set A ' :=AnT,  B ' :=BNT and 
C ' :=CN T, then A'~=B', A 'AC '=B'AC ' ,  and A'vC=B'vC '  by the property 
of closure relation. We can finish the proof by considering only the graph C3. By 
Fig. 1 the lattice generated by A' ,  B' and C' is not contained in ~(C3). This is a 
contradiction. []  
Theorem 2. The following statements are equivalent for a bond lattice ~(G) :  
(1) ££(G) is distributive, 
(2) ~(G)  is Boolean, 
(3) G is a forest. 
l[~mo[. It is evident that (2) implies (1). If G has a cycle, then ~(G)  is not 
distributive by Theorem 1, Lemma 3 and Fig. 1. Hence (1) implies (3). We next 
show that (3) implies (2). Let G be a forest. We assume that there exists a subset 
S of E(G) which is not bond-closed. Since there exists an edge e = uv ~ S \S ,  
there exists a path P[u; v] in (S)E. Therefore S contains a cycle which is 
composed of e = uv and P[u; v]. This is a contradiction. Consequently .5~(G) = 
ff~(E(G)). Hence Sg(G) is Boolean. [] 
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